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Abstract 

Recently, Pawlik et al. have shown that triangle-free intersection graphs of line segments 
in the plane have unbounded chromatic number, solving an old problem of Erdos. Specif- 
ically, they construct triangle-free segment intersection graphs with chromatic number 
(log log n). Essentially the same construction produces 0(loglogra)-chromatic triangle- 
free intersection graphs of a variety of other geometric shapes — those that belong to any 
class of compact arcwise connected subsets of M 2 closed under horizontal scaling, vertical 
scaling, and translation, except for the class of axis-aligned rectangles. 

We show that this construction is asymptotically optimal for the class of rectangular 
frames (boundaries of axis-aligned rectangles). Namely, we prove that triangle- free in- 
tersection graphs of rectangular frames in the plane have chromatic number O (log log n), 
improving on the previous bound of O(logn). To this end, we exploit a relationship be- 
tween off-line coloring of rectangular frame intersection graphs and on-line coloring of 
interval overlap graphs. Our coloring method decomposes the graph into a bounded num- 
ber of subgraphs with a tree-like structure that "encodes" strategies of the adversary in 
the on-line coloring problem, and colors these subgraphs with O (log log n) colors using 
a combination of techniques from on-line algorithms (first-fit) and data structure design 
(heavy-light decomposition). 

Our result is the first to beat the upper bound of O(logn) on the chromatic number for 
a naturally defined class of geometric intersection graphs that does not allow a constant 
bound, and we believe it is a step forward towards improving the current bound of 0(log n) 
for triangle- free segment intersection graphs. 
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1. Introduction 

A proper coloring of a graph is an assignment of colors to the vertices of the graph such that 
no two adjacent ones are in the same color. The minimum number of colors sufficient to color 
a graph G properly is called the chromatic number of G and denoted by x{G). The maximum 
size of a clique (a set of pairwise adjacent vertices) in a graph G is called the clique number of 
G and denoted by u(G). It is clear that x{G) ^ U)(G). A class of graphs is x-bound if there 
is a function / : N — > N, called a x-binding function, such that x(G) ^ f(u(G)) holds for any 
graph G from the clasfl A triangle is a clique of size 3. A graph is triangle-free if it does not 
contain any triangle. 

It has been a tantalizing problem to understand when and why chromatic number is large. 
In particular, large clique number is not the only reason, as there are various constructions of 
graphs that are triangle-free and still have arbitrarily large chromatic number. The first one was 
given in 1949 by Zykov [13], and the one perhaps best known is due to Mycielski |8]. However, 
we have x{G) = w(G) for a widely studied class of perfect graphs, which include interval graphs. 

In this paper, we focus on the relation between chromatic number and clique number for 
classes of graphs arising from geometry. The intersection graph of a family of sets J- is the 
graph with vertex set T and edge set consisting of pairs of intersecting elements of T . For 
simplicity, we identify the family J- with its intersection graph. 

The study of the chromatic number of intersection graphs of geometric objects in the plane 
was initiated in the seminal paper of Asplund and Griinbaum 1J, where they proved that the 
families of axis-aligned rectangles are x-bound. In particular, they proved a tight bound of 6 on 
the chromatic number of triangle-free families of axis-aligned rectangles. In contrast, Burling 
[2] showed that triangle-free intersection graphs of axis-aligned boxes in M 3 can have arbitrarily 
large chromatic number. Pawlik et al. [10(. [U] provided a construction of triangle-free families 
of segments and, more generally, triangle-free families of translated, vertically and horizontally 
scaled copies of any fixed arcwise connected compact set in M 2 that is not an axis-aligned 
rectangle, with arbitrarily large chromatic number. These families require fi(loglogn) colors, 
where n is the size of the family. 

Gyarfas [H |5] proved x-boundness of overlap graphs, that is, graphs admitting a representa- 
tion by closed intervals on the line such that the edges correspond to the pairs of intervals that 
intersect but are not nested. 

We prove that O(loglogn) colors are sufficient for triangle-free intersection graphs of frames 
in the plane. By a frame we understand the boundary of an axis-aligned rectangle. Frame 
intersection graphs can be considered as two-dimensional generalizations of overlap graphs: two 
frames are adjacent if their corresponding rectangles intersect but are not nested. 

Theorem 1. Every triangle-free family of n frames can be properly colored with O(loglogn) 
colors. 

For the completeness of exposition, we also include the proof of the bound from the other 
side, which appears in [9]. 

Theorem 2. There are triangle-free families of n frames with chromatic number O (log log n). 

This is the first asymptotically tight bound on the chromatic number for a natural class of 
geometric intersection graphs that is not x-bound. So far, the only upper bounds were of order 
0(log n), following from the results of McGuinness [7] or Suk [12] for families of shapes including 
segments and frames, or polylogarithmic on n, obtained by Fox and Pach [3] for a wide range 
of shapes. The only known lower bounds are provided by the above-mentioned constructions of 
Burling and Pawlik et al. We hope that our ideas will lead to improving the bounds for other 
important classes like the segment intersection graphs. 



We stick to the original terminology introduced by Gyarfas [6]. Some authors write x-bounded instead of 
X-bound. 
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FIGURE 1. From left to right: a crossing; a leftward-, rightward-, downward- and 
upward-directed intersection; two diagonal intersections; forbidden configuration 
in a rightward-directed family 

On-line coloring is an intensively studied variant of the coloring problem. The difference 
between regular and on-line coloring is that in the on-line setting the vertices appear one by 
one and the coloring algorithm must assign colors to them immediately, knowing only the edges 
between vertices shown thus far. Our proof exploits the strong connection between on-line 
coloring of overlap graphs and usual (off-line) coloring of frame intersection graphs. We obtain 
a structural decomposition of an arbitrary frame graph, yielding a constant number of so-called 
componentwise directed frame families. Their intersection graphs turn out to be so-called overlap 
game graphs, which may be viewed as encodings of adversary strategies in the on-line overlap 
graph coloring problem. One of important results used in our proof is due to McGuinness [ZJ, 
that a simple triangle-free family T of compact sets in the plane pierced by a common line 
has bounded chromatic number. We succeed in coloring overlap game graphs with O(loglogn) 
colors using a mixture of two strategies: heavy-light decomposition of trees (first introduced 
by Sleator and Tarjan [11]) and first-fit coloring. For frame intersection graphs, we also use 
a number of coloring techniques introduced by Gyarfas in his proof of x-boundness of ovelap 
graphs, including breath-first search layer decomposition. 

2. Basic ideas 

A frame is the boundary of an axis-aligned rectangle. The filling rectangle of a frame F , 
denoted by rect(-F), is the rectangle whose boundary is F. The x-coordinates of the left and 
right sides of F and the y-coordinates of the bottom and top sides of F are denoted by £(F), 
r(F), 6(F), t(F), respectively. Thus rect(F) = [£(F),r(F)] x [b(F),t(F)\. 

Throughout the paper we assume that all frames are in general position, that is, no corner 
of any frame lies on another frame. We can easily adjust any family of frames to satisfy 
this condition without introducing or losing any intersection, just by expanding each frame 
in every direction by a tiny amount inversely proportional to the area enclosed by the frame. 
We distinguish the following types of frame intersections, illustrated in Figure [TJ crossings, 
leftward-, rightward-, downward- and upward- directed intersections, and diagonal intersections. 
A family of frames T is leftward-, rightward-, downward- or upward- directed if the following two 
conditions are satisfied: 

(Dl) the intersection of any two frames in T is leftward-, rightward-, downward- or upward- 
directed, respectively, 
(D2) no frame in T is enclosed by two other intersecting frames in T (see Fig. [I]). 

The first condition explains the name "directed" , while the second one is for technical reasons — 
we comment on this later. A family of frames T is componentwise directed if each component 
of J 7 is a directed family of frames. Note that such a family T does not necessarily satisfy [(Dl)| 
or [(D2)] by itself. 

The first step in our proof of Theorem[T]is to reduce the problem to the case of componentwise 
directed triangle-free families of frames. 

Lemma 3. Every triangle-free family of frames T can be partitioned into a bounded number of 
componentwise directed subfamilies, where the bound is independent of F . 

This reduction is explained in detail in Section [6l 

Our next step is a more abstract description of the structure of intersection graphs of compo- 
nentwise directed families of frames in terms of intervals on R. We denote the family of all closed 
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intervals on K by X. The left and right endpoints of an interval I are denoted by £(I) and r(I), 
respectively. Again, we assume that we are dealing with intervals in general position, that is, 
the endpoints of all intervals are distinct. Intervals I and J overlap if £(I) < £(J) < r(I) < r(J) 
or £(J) < £{I) < r(J) < r(I). The overlap graph defined on a family of intervals has an edge 
for each pair of overlapping intervals. 

Let G be a triangle-free graph, M be a rooted forest with V(M) = V(G), and \x : V(G) — > X. 
For u, v £ V(G), we write u -< v if u 7^ « and u is an ancestor of v in M. The graph G is 
an overlap game graph with meta-forest M and representation \x if the following conditions are 
satisfied: 

(Gl) £(/jl(x)) < £(fj>(y)) whenever x -< y, 

(G2) x and y are adjacent in G if and only if x -< y and //(x) and overlap, 

(G3) there are no x, y, such that x -< y -< z, /i(x) and fj,(y) overlap, and fj,(z) C fj,(x) fl 

Lemma 4. Every intersection graph of a componentwise directed family of frames is an overlap 
game graph, and vice versa. 

Lemma 5. Every n-vertex overlap game graph has chromatic number O(loglogn). 

Now, Theorem [1] follows from Lemmas El HI and[5j Lemmas H] and [5] remain valid if we drop 
the conditions (D2)| in the definition of a directed intersection and (G3) in the definition of an 



overlap game graph. The reason why we impose them is that we get (D2) for free in the proof 
of Lemma [3l while |(G3)| simplifies the proof of Lemma [5j 

Theorem [2] follows from Lemma [J] and the following result implicit in [9]. 

Lemma 6. There are overlap game graphs with chromatic number f2(loglogn). 

We prove Lemma|3]in Section[5]and Lemma[5]in Section^ In Section[3l we present the proof 
of Lemma [6] from [9], for completeness and to illustrate the idea behind overlap game graphs. 

We complete this outline by explaining the meaning of the word "game" in the notion of 
overlap game graphs. Let k € N. Consider the following overlap coloring game between two 
players, Presenter and Painter. Presenter presents intervals one by one, and Painter colors 
them on-line, that is, each interval is colored right after it is presented and without possibility 
of changing the color later. Presenter's moves are restricted by the following rules: 

(i) if an interval I2 is presented after Ii, then £(I\) < £(h)', 

(ii) no three intervals Ii,I 2 ,h such that t(h) < £(I 2 ) < £{h) < r(h) < r(I 2 ) < r(J 3 ) are 
presented, that is, the overlap graph defined on the intervals presented is triangle-free; 

(hi) no three intervals Ii,I 2 ,h such that 1(h) < £(I 2 ) < £(J 3 ) < r(/ 3 ) < r(Ji) < r(I 2 ) are 
presented, that is, no two overlapping intervals contain a third one. 

The coloring constructed by Painter has to be a proper coloring of the overlap graph defined by 
the intervals presented in the game. Presenter aims to force Painter to use more than k colors, 
while Painter tries to manage with at most k colors. 

Every finite strategy of Presenter (not necessarily winning or deterministic) gives rise to an 
overlap game graph G with meta-forest M and representation /x such that the root-to-leaf paths 
in M correspond to the intervals presented on the possible branches of the strategy. Specifically, 
each root r of M corresponds to an interval /x(r) that can be played in Presenter's first move, 
and each child of a vertex x of M corresponds to an interval that Presenter can play right after 
fj,(x) at the position represented by x. Conversely, an overlap game graph G with meta-forest M 
and representation fx represents a non-deterministic strategy of Presenter, as follows. Presenter 
starts with an arbitrarily chosen root r of M presenting fJ,(r), and then, in each move from 
position u in M, follows to an arbitrarily chosen child v of u presenting fj.(v). 

Now, the crucial observation is that Painter has a strategy to use at most k colors against 
the considered strategy of Presenter if and only if x(G) ^ k. This is because any proper 
coloring of G with at most k colors defines a strategy of Painter to use k colors against the 
considered strategy of Presenter, and vice versa. The proof of Lemma [6] constructs a strategy 
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of Presenter forcing Painter to use at least k colors by presenting 0(2 k ) intervals, while the 
proof of Lemma O essentially shows that each such strategy needs to have a double exponential 
number of branches. 

The presented "on-line" interpretation of overlap game graphs is exploited in the proof of 
Lemma [6] presented in the next section. It may also provide a useful insight into our arguments 
in Section^ which are formulated using the static definition of an overlap game graph. 

3. Overlap game graphs with large chromatic number 

For a family J of intervals and a point x € R, let J[x) denote the family of those intervals 
in J that have non-empty intersection with [x, oo). 

Proof of Lemma\^ According to what has been told in the previous section, any strategy of 
Presenter forcing the use of many colors in the overlap coloring game yields an overlap game 
graph with large chromatic number. We show that for any k £ N and any interval R, Presenter 
has a strategy R) to present a family of intervals J and a point x € R such that 

(i) all intervals in J are contained in the interior of R, 

(ii) J{x) is a chain of nested intervals, 

(hi) Painter is forced to use at least k colors on the intervals in J{x). 

In the strategy R), Presenter just puts a single interval in the interior of R. This clearly 
satisfies the conditions above. 

Now, let k ^ 2, and assume by induction that we have already constructed the strategy 
T,(k — 1,R) for every R. The strategy T,(k,R) looks as follows. First, Presenter plays the 
strategy T,(k — 1,R) constructing a family J and a point x G R such that J(x) is nested and 
Painter is forced to use at least k — 1 colors on the intervals in J(x). Next, Presenter continues 
with the strategy T,(k — 1, R'), where R' = P| J{x) n [x, oo), constructing another family J' and 
a point x' € R' such that J'{x') is nested and Painter is forced to use at least k — 1 colors on the 
intervals in J'(x'). Suppose that the sets of colors used by Painter on J(x) and J'ix') differ. 
It follows that Painter has used at least k colors on the family J{x) U J'{x') = {J U J'){x'). 
Thus Presenter has achieved the goal of the strategy T,(k,R) with J\JJ' and x' . Now, suppose 
that Painter has used the same sets of colors on J{x) and J'{x'\ Presenter puts an interval 
J contained in the interior of {\J{x) n [x',oo) and overlapping all intervals in J'{x'). The 
overlap graph remains triangle-free as the family of neighbors of J, which is J '(x'), is nested. 
The family J{x) U {J} is nested as well, and we have J{x) U {J} = {J U J' U { J})(y) for any 
point y in the interior of J and to the right of all intervals in J'{x'). Painter has to color J 
with a color distinct from those of the intervals in J'{x') and hence is forced to use at least k 
colors on J{x) U {J}. The presented family U J' U {J} and the point y witness that the goal 
of the strategy T,(k,R) has been achieved. 

It is easy to see that Presenter playing according to the strategy E(fe,i?) always presents at 
most 2 k — l intervals and each position in T,(k, R) has at most k children. Hence k = r2(loglogn), 
where n is the number of vertices of the overlap game graph defined by R). □ 

The smallest overlap game graph with chromatic number k that we know is obtained by 
playing according to the strategy T,(k — 1,R) and finally putting one additional interval inside 
[x,oo) that overlaps all intervals in J{x). 
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4. Coloring overlap game graphs 

For the purpose of this entire section, let G be an n-vertex overlap game graph with meta- 
forest M and representation /i. Our goal is to prove that G has chromatic number O(loglogn). 
Since no two components of M can be connected by an edge of G, we can assume without loss 
of generality that M is a single tree. 

The relation -< defines an orientation of the edges of G: we write x — > y if x is adjacent to y 
and x -< y. We classify each vertex v of G as either primary or secondary as follows: 

• if v is the root of M, then v is primary; 

• if n(v) C ju(iw), where w is the parent of v, then v is secondary; otherwise v is primary. 

Let S(v) C V be the set of secondary vertices w for which v is the first primary vertex on the 
path from w to the root of M. Clearly, S(v) is independent in G and fi(w) C fi(v) for it; G S'(i'). 

Suppose that all primary vertices in G are properly colored with k colors. We show that this 
coloring can be extended to the whole graph G with the use of at most k additional colors. 

Claim 1. Fix a coloring of the primary vertices, and let C be the set of those that are assigned 
a color c G {1, . . . , k}. Let v G C. There is at most one vertex w G C such that to ~< v and 
x — > y for some x G S(uu) and y G S(v). 

Proof. Suppose there are vertices 101,102 G C such that w\ -< w 2 -< v, and there are secondary 
vertices x\ G S(wi), x 2 G S(w2), DXiDi G S(v) such that x\ — >• yi and X2 — >■ 2/2- It follows 
that £(wi) < £(xi) < £(w 2 ) < £{x 2 ) < £{v) < £{yi) for i G {1,2}. Since x\ y±, x 2 -4 y 2 , 
/i(yi) and //(j/2) are contained in and ioi, 102 and u are independent in G, it follows that 

/x(ioi), fJL(w 2 ) and fj,(v) are nested (see Fig. [3|). Clearly, /x(a;i) and //(X2) overlap and //(a;i) 
overlaps n(w2)- If < r(a32)j then xi, X2 and v form a triangle in G. If r(x±) > r{x 2 ), 

then /J,(x 2 ) is contained in both n(x\) and fi(w 2 ), which is excluded by the condition (G3) in 
the definition of an overlap game graph. □ 

We color the vertices of G with pairs of colors. First, we color the primary vertices properly 
and copy the color of each primary vertex u to the elements of S(u). Fix a single color c 
and consider the sets {u} U S(u) for all primary vertices u of color c. We know that each set 
{u} U S(u) is independent and that the edges between sets {u} U S(u) form a bipartite graph, 
by Claim [TJ Therefore, an additional coordinate with two values is sufficient to obtain a proper 
coloring of G. 

To finish the proof, we need to show that all primary vertices of G can be colored properly 
with O (log log n) colors. Let P be the set of primary vertices lying on a path from the root 
to a leaf of M. We say that two edges x — )■ y and z — > t with x,y,z,t G P overlap if either 
x~<z~<y~<toTZ~<x~<t~<y. The next claim asserts that the set P induces a forest in G in 
which no two edges overlap. 

Claim 2. The following statements hold: 

(1) For every v G P there is at most one uu G P such that v —¥ w. 

(2) No two edges v\ -4 1)3 and v 2 — > with vi,v 2 ,V3,V4 G P overlap. 



Proof. To show (1), suppose there are two vertices 101,102 G P such that w\ -< w 2 , v — > w\ 
and v — > w 2 (see Fig. UJ. Note that [jl(wi) D ^(w 2 ), as otherwise v, w\ and W2 would form 
a triangle in G. Let x be the parent of u>2 in M. Note that n(w2) fJ>(x), as otherwise w 2 
would not be primary. Hence we have r{x) < r(w 2 ) and, in particular, x ^ w\. We also have 
£{v) < £{wi) < £{x) < £(w 2 ). If r(v) < r(x), then v, x and W2 form a triangle in G. Otherwise 
v -< ui\ -< x, n(v) and fi(wi) overlap, and /jl(x) C h{v) r\(j,(wi), which cannot be the case by the 
in the definition of an overlap game graph. 



condition (G3) 



To show 



suppose that the edges v\ — > v% and t>2 — > V4 overlap, v% G P, and v 1 -< V2 -< 



v% -< V4. Note that by (1) there is no edge between v\ and V2 nor between v 2 and V3. Thus 
we must have £{v\) < £{v 2 ) < r(v 2 ) < £(vs) < r(v\) < r(v3) (see Fig. [5]). But we also have 
^(^3) < £{va), which shows that n(v 2 ) and ^(vi) cannot overlap, which is a contradiction. □ 
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Now, we describe the idea of heavy-light decomposition, introduced by Sleator and Tarjan 
[TT] . Let T be a rooted tree, and let T v denote the subtree of T rooted at a vertex v. For 
every internal vertex v of T, let s(v) be a child u of v such that the number of vertices in T u 
is as large as possible. The edges of T connecting v to s(v) are called heavy. Clearly, there 
is a unique root-to-leaf path in T consisting of heavy edges only — call it the heavy path of T. 
Remove the heavy path from the tree, obtaining a forest. Remove from each tree in the forest 
its heavy path, obtaining a forest again. Repeat this procedure until no more vertices remain. 
The resulting path cover of T, called a heavy-light decomposition of T, has the following crucial 
property. 

Claim 3. If a root-to-leaf path in T intersects k heavy paths, then T has at least 2 k — 1 vertices. 

Proof. Straightforward induction. □ 

Fix a heavy-light decomposition of M. Consider the subgraph G' of G consisting of all edges 
that connect two vertices from the same heavy path. By Claim the primary vertices on 
each heavy path induce a forest in G. Therefore, G' is a forest, and thus can be properly colored 
with two colors. Let C\ and C2 be the coloring classes in a proper two-coloring of G', and fix 
% £ {1,2}. For any x, y £ Cj, the following holds: 

(*) If x — > y, then x and y are in different heavy paths. 

We color the vertices from Cj with positive integers one at a time, going from the root of 
M towards the leaves. As the color for a vertex v £ Cj, we choose the least positive integer 
not occurring as a color of any vertex w with w £ Cj and w —> v (every such vertex has been 
colored before v). This coloring strategy is called first-fit. 

Claim 4. If first-fit assigns a color k to some vertex v £ Cj, then the path P in M from the 
root to v intersects at least 2 k ~ 2 heavy paths. 

Proof. Let f(w) denote the color chosen by first-fit for a vertex w £ Cj. The colors 1, . . . , f(w)—l 
have been chosen for vertices u £ PPiCi with u —> v, so there are at least f(w) — 1 such vertices. 
Let F be a minimal subset of P n Cj that satisfies the following conditions (see Fig. [6]) : 

• F contains v, 

• for any w £ F, there are w±, . . . ,Wfi w )—\ £ F such that Wj — > v and f(wj) = j for 
1 './'/("•) 1- 

By Claim the set F induces a directed tree T in G with the root v and with edges 

directed towards the root. By the minimality of F, every vertex w of T has exactly f(w) — 1 
children. It follows that T has exactly 2 k ~ l vertices and 2 k ~ 2 internal vertices. 

Let w be an internal vertex of T, and let u £ F be the vertex that precedes w in the order 
~< on F. We claim that u is a child of w in T. Suppose the contrary. Since u is not the root 
of T, it has a parent p in T. Since w is an internal vertex of T, it has a child c in T. We 
know that w -< p and c -< u, as u and w are consecutive in the order -< on F. It follows that 
c < u < w < p, and thus the edges c — >■ to and it — > p overlap, which contradicts Claim [ ^2)| 
We have shown that there is an edge between u and w in T, so they must lie on different heavy 
paths. Consequently, any two ^-consecutive internal vertices of T lie on different heavy paths, 
which shows that P intersects at least 2 k ~ 2 heavy paths. □ 
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Figure 5 Figure 6. A tree T for f(v) = 4 

Proof of Lemma\^ Suppose that k is the maximal color used by first-fit on a vertex t) E Cj. By 
Claim HI the path in M from the root to v intersects at least 2 k ~ 2 heavy paths. This implies, 
by Claim O that n ^ 2 2 — 1. Therefore, first-fit uses at most O (log log n) colors on C%. We 
color C\ and C 2 by first-fit using two separate sets of colors, obtaining a proper coloring of 
the primary vertices of G with O (log log n). As noted before, this suffices for the proof of the 
lemma. □ 



5. Componentwise directed families of frames = overlap game graphs 

Proof of Lemma^4\ Let J 7 be a directed family of rectangular frames. We assume without loss 
of generality that T is rightward-directed. Define a map /i : T — > Z so that 11(F) is the interval 
obtained by projecting F on the x-axis. Thus we have £(fi(F)) = £(F) and r(fJ,(F)) = r(F). 

For FeJ, let £(F) be the subfamily of T consisting of such F' that l(F') < 1(F) < r(F') 
and b(F') < b(F) < t(F) < t(F'). We define a rooted forest M on T as follows. If £(F) is 
empty, then F is a root of M. Otherwise, the parent of F in M is the member F' of C(F) with 
greatest i(F'). We show that the intersection graph of T is an overlap game graphs with M 
being the meta-forest and \x being the representation. To this end, we argue that the conditions 



(Gl) - (G3) from the definition of an overlap game graph are satisfied by the intersection graph 
of T. 

It follows directly from the definition of parent that F\ -< F2 implies £{F\) < l(F2) and 



b(Fi) < b(F 2 ) < t(F2) < t(F\). This already shows (Gl) and the right-to-left implication in 



(G2)[ Let F 1 ,F 2 ,F 3 G T be such that F\ -< F 2 -< F 3 , fi(Fi) and fJ,(F 2 ) overlap, and fi(F 3 ) is 
contained in both fj,(Fx) and fx(F 2 ). We have 1{F X ) < £(F 2 ) < i(F 3 ) < r(F 3 ) < r{F{) < r(F 2 ) 
and b(Fi) < b(F 2 ) < b(F 3 ) < t(F 3 ) < t(F 2 ) < t(F\). However, such a configuration is forbidden 



in a directed family of rectangular frames. This contradiction shows (G3) . Now, let F\ and F 2 
be two intersecting members of T ' . By the assumption that T is rightward-directed, \i{F\) and 
fi(F 2 ) overlap, and we have F\ £ C(F 2 ) or F 2 G JC(Fi). Therefore, in order to prove the left-to- 
right implication in |(G2)[ it remains to show that F\ G £(F 2 ) implies F\ -< F 2 . To this end, we 
use induction on the increasing order of £(F 2 ). There is nothing to prove when F\ is the parent of 
F 2 , so assume the other case. Let F' 2 be the parent of F 2 . We have t{F\) < £{F 2 ) < £(F 2 ) < r(Fi) 
and, since T is rightward-directed, b{F x ) < b(F^) < t(F^) < t(fi). Thus F 1 G C{F^). This and 
the induction hypothesis yield Fi -< F' 2 and thus Fi <F 2 . 

It remains to prove that each overlap game graph is (isomorphic to) the intersection graph 
of a componentwise directed family of frames. Let G be an overlap game graph with meta-tree 
M and representation /x. For every vertex v of G we define a rectangular frame F(v) so that 
£(F(v)) = £(jjt{v)), r(F(v)) = rQi(v)), and b(F(v)) < b(F( Vl )) < t(F(vi)) < ... < b(F(v k )) < 
t(F(vk)) < t(F(v)), where vi,...,Vk are the children of v in M in any order. Clearly, if 
two vertices u and v of G lie in different branches of M, then we have i(F(n)) < b(F(v)) or 
t(F(v)) < b(F(u)), so F(u) and F{v) do not intersect. If u -< v, then we have b(F(u)) < 
b(F(v)) < t(F(v)) < t(F(u)), and therefore F(u) and F(v) intersect if and only if /j,(u) and 
(x(v) overlap. Moreover, when F(u) and F(v) intersect, this intersection is rightward-directed. 
A straightforward argument shows that no frame is enclosed by any two intersecting frames. 
Consequently, {F(v) : v G V(G)} is a rightward-directed family of rectangular frames and its 
intersection graph is isomorphic to G. □ 
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6. Reduction to componentwise directed families of frames 

The goal of this section is to prove Lemma [3l This is achieved via a combination of standard 
techniques introduced in the papers of Asplund and Griinbaum [T] and Gyarfas [3]. 

When two frames cross, we say that the higher one crosses the wider one vertically. When 
the intersection of two frames is leftward-, rightward-, downward- or upward-directed, we say 
that the frame whose two opposite sides intersect one side of the other frame enters that other 
frame from the left, the right, below or above, respectively. 

Lemma 7. Every triangle-free family of frames T can be "partitioned into two subfamilies each 
containing no pair of crossing frames. 

Proof. Let T\ consist of those frames in T that are not crossed vertically by any other frame 
in T , and let = J-\J-\. By definition, F\ contains no pair of crossing frames. Neither does 
Ti'. if a frame F\ G T-z is crossed vertically by G F2 and F2 is crossed vertically by F3 G T , 
then F\ is crossed vertically by F%, which forms a triangle in T . □ 

Two families of frames T\ and T2 are mutually independent if any pair of frames F± G T\ 
and F2 G J- 2 is non-intersecting. Let T be a family of frames. For C C T , a frame G G J~\ C is 
external to C if G (t Ufg£ rec t(F). A subfamily C of T is a layer with respect to T if \C\ = 1 
or every frame in C intersects some frame in T \ C external to C. 

Lemma 8. Every family of frames T has a partition V into layers. Moreover, there is a 
bipartition V = V\ U V2 such that each V% consists of mutually independent layers. 

Proof. When T is not connected, we can construct the layers and the bipartition for each 
component independently. Thus assume, without loss of generality, that T is connected. Choose 
any frame R G T that is external to T \ {R}. For k G N, let Ck consist of those frames in T 
whose distance to R in the intersection graph of T is k. Let d be greatest such that C<i 7^ 0. 
We claim that V = {Co, . . . , Cd} is a partition of F into layers. 

We have |£o| = 1] so ^0 is a layer. To show that Ck with k 1 is a layer, we find, for 
each F G Ck, a frame in F \ Ck external to Ck and intersecting F. Let FqF\ ... i 7 ^ be a path 
from Fo = R to Fk = F of length k. Let j be greatest such that Fj is external to Ck (such j 
exists, as R is external to Ck). Since Fj intersects Fj + \, which is not external to Ck, Fj must 
intersect some frame F' G Ck- This witnesses a path from R to F' of length j + 1, so j + 1 = 
Therefore, i*j is the requested frame external to Ck and intersecting F. 

Clearly, any two intersecting frames belong to one layer or two layers with consecutive indices. 
Therefore, we can set V\ = {Ck ■ k is odd} and V2 = {Ck ■ k is even}. □ 

Theorem 9 (Asplund, Griinbaum [1]). Every triangle-free family of axis- aligned rectangles can 
be properly colored with 6 colors. 

Theorem 10 (McGuinness [7]). Let L be a closed Jordan loop. Let C be a triangle-free family 
of curves such that \L D C\ = 1 for any C G C and \C\ Pi C2I ^ 1 for any distinct C\, C2 G C. 
It follows that x(C) ^ P for a constant ft independent of L and C. 

Proof of Lemma [3J By Lemma [71 it is enough to find the required partition for triangle- free 
families of frames containing no crossings. Thus assume T is such a family of frames. Our 
goal is to color J- with a bounded number of colors so that each color class is a componentwise 
directed family of frames — we call such a coloring good. 

Let V be a partition of T into layers and V = V\ U V2 be a bipartition claimed by Lemma [8l 
Each layer C G V consists of a single frame or is such that for every Fg£ there is F' G F \ C 
external to C and intersecting F . This guarantees that each layer C satisfies the condition |(D2)| 
in the definition of directed family of frames: if F,F\,F2 G C are such that F\ and F2 intersect 
and both enclose F , then F\, F2 and F' form a triangle. It is enough to find a good coloring 
of each layer C G V with a bounded number of colors. Then, we can color all the layers in V\ 
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Figure 7. Frames Mi and M 2 {M 2 and M3) entering some support from the left 
are disjoint, as otherwise they would form a triangle with R\ (R 2 , respectively). 

with one set of colors and all the layers in V 2 with another, separate set of colors, obtaining a 
good coloring of the entire T with twice as many colors in total. 

Fix a layer C £ V, and once again apply Lemma [8] to get a partition Q of C into layers. 
By the very same argument, it is enough to find a good coloring of each layer Q £ Q with a 
bounded number of colors. So fix a layer Q £ Q, and assume \Q\ > 1. It follows that for each 
F £ Q there is a frame F' £ C\Q external to Q and intersecting F. 

Let £ be the family of those frames in Q that are not enclosed by any other frame in Q. Two 
frames in £ intersect if and only if their filling rectangles intersect. Therefore, by Theorem [9j 
£ can be colored properly with 6 colors. Let £ : £ — > {1, . . . , 6} be such a coloring. For each 
F € G\£, choose any frame e(F) enclosing F. For E £ £, let e- 1 {E) = {F G Q : e(F) = E}. It 
is enough to obtain a good coloring of each e~ 1 (E) with a bounded number of colors. Indeed, 
one can first partition Q into at most 6 families according to £(F) when F £ £ and £(e(-F)) 
otherwise. Each of these families has a good coloring with bounded number of colors, as when 
Et,E 2 £ £, E x ^ E 2 and £(Ei) = t{E 2 ), the families e _1 (£i) U {£1} and e" 1 ^) U {E 2 } are 
mutually independent. 

Fix E £ £ , and let .M = e~ 1 (£'). For each M £ Ai, choose a frame s(M) £ C\Q external to 
Q and intersecting M. If there are more than one candidates for s(M), choose one that is not 
enclosed by any other candidate. The frame s(M) is the support of M. Each s(M) is external 
to Ai U {E} and thus intersects E. It follows that the supports of frames in M have pairwise 
disjoint filling rectangles. Indeed, no two supports of frames in Ai intersect, as together with E 
they would form a triangle. Moreover, since each frame in Ai is enclosed by E and no frame in 
C can be enclosed by two intersecting frames in C, no frame in Ai is enclosed by any support. 
Therefore, no s(Mi) encloses any s{M 2 ) with M\, M 2 £ Ai, as then s(M\) would either enclose 
or intersect M 2 , the latter being excluded by the choice of s(M 2 ). 

At most four supports enclose corners of E. Since frames with a common support must 
be pairwise disjoint, the members of Ai with supports enclosing a corner of E can be colored 
properly with four colors. The remaining frames in Ai are partitioned into four classes according 
to whether their supports enter E from below, above, the left, or the right, and each of these 
classes is colored independently with a separate set of colors. We restrict our attention to the 
class Ai 1 of frames with supports entering E from below — the others are handled analogously. 

Let I = int(rect(E')) \ UjvfeM' rec t( s (-^0)- Each frame M £ Ai' intersects /, as it cannot be 
enclosed by any support. The frames in Ai' entering some support from the left are pairwise 
disjoint (see Fig. [7]) — we use a separate color on them. Similarly for the frames in Ai' entering 
some support from the right. Let Ai" be the family of the remaining frames, that is, those 
frames in Ai' that enter their supports from above, are entered by their supports from below, 
or intersect their supports diagonally. 

For each frame M G Ai" , define two curves, the left and right trace of M, as follows. The 
left (right) trace starts at the top right (left) vertex of M, follows to the top left (right) vertex 
of M along the top side of M, and then continues along M until it reaches the boundary of / 
on either the left (right) or the bottom side of M. 



O(loglogra)-COLORING TRIANGLE FREE FRAME INTERSECTION GRAPHS 



11 



Figure 8. From left to right: no frame in M" can enter another from above; 
right traces intersect; case 



case 



(i) 



traces do not intersect; case 



traces intersect; case (iii) right traces intersect; case (iv) left traces intersect. 



left 



No frame M\ E M." can enter any M2 € M" from above, as M±, M2 and s{M\) would form 
a triangle or M\ would be enclosed by s{M2) (see Fig. [SJ. Therefore, only the following types 
of intersections can occur in A4": 

(i) one frame enters another from below, 

(ii) one frame enters another from the left, 

(iii) one frame enters another from the right, 

(iv) two frames intersect diagonally. 

either the left or the right traces of the two frames 



It is easy to see that in cases (ii) - (iv 



intersect, and in every case the left or right traces intersect at at most one point (see Fig. [8J. 

The intersection graph of the left (right) traces is triangle-free, because it is a subgraph of the 
intersection graph of Ad" . Since every trace meets the boundary of / at exactly one point, we 
can apply Theorem [TUl twice to obtain two colorings £r : M" — > {1, . . . , /3}, one proper on the 
left traces and the other proper on the right traces. The coloring by pairs (£l,£r) distinguishes 
all pairs of frames in A4" with intersections of types (ii) - (iv) , and thus only intersections of 



type (i) remain in each color class. Additionally, no frame is enclosed by two intersecting frames 



within one color class, as this has been excluded earlier in the argument. Therefore, each color 
class is a componentwise directed family of frames. □ 

7. Open problems 
We start by repeating the problem stated in |10j . 



Problem 1. What is the maximum possible chromatic number of a triangle- free intersection 
graph of n segments? 

The lower bound provided in [10J is Sl(loglogn), while the upper bound of O(logn) follows from 
the result of McGuinness [7] (cited in this paper as Theorem 1101 in Section [6]). 

Problem 2. What is the maximum possible chromatic number of a -K^-free intersection graph 
of n frames? 

Our two final problems ask whether segment graphs behave similarly to frame graphs with 
respect to proper coloring. 

Problem 3. Can every triangle-free segment graph be decomposed into a bounded number of 
overlap game graphs? 

Problem 4. Does every triangle-free segment graph with chromatic number k contain an 
overlap game graph with chromatic number at least ck as an induced subgraph, for some 
absolute constant c > 0? 

The positive answer to the question in Problem [3] would yield the answer ©(log log n) to the 
one in Problem [TJ while the negative answer to the question in Problem or 2] would help us 
understand the limitations of our methods. 



12 



TOMASZ KRAWCZYK, ARKADIUSZ PAWLIK, AND BARTOSZ WALCZAK 



References 

[1] Edgar Asplund and Branko Griinbaum. On a colouring problem. Math. Scand., 8:181-188, 1960. 

[2] James P. Burling. On coloring problems of families of prototypes. PhD thesis, University of Colorado, 1965. 

[3] Jacob Fox and Janos Pach. Coloring Kk-free intersection graphs of geometric objects in the plane. European 

J. Combin., 33(5):853-866, 2012. 
[4] Andras Gyarfas. On the chromatic number of multiple interval graphs and overlap graphs. Discrete Math., 

55(2):161-166, 1985. 

[5] Andras Gyarfas. Corrigendum: On the chromatic number of multiple interval graphs and overlap graphs. 

Discrete Math., 62(3) :333, 1986. 
[6] Andras Gyarfas. Problems from the world surrounding perfect graphs. Zast. Mat, 19:413-441, 1987. 
[7] Sean McGuinness. Colouring arcwise connected sets in the plane I. Graph. Combinator., 16(4):429-439, 2000. 
[8] Jan Mycielski. Sur le coloriage des graphes. Colloq. Math., 3:161-162, 1955. 

[9] Arkadiusz Pawlik, Jakub Kozik, Tomasz Krawczyk, Michal Lasoh, Piotr Micek, William T. Trotter, and 
Bartosz Walczak. Triangle-free geometric intersection graphs with large chromatic number, submitted, 
arXiv:1212.2058. 

[10] Arkadiusz Pawlik, Jakub Kozik, Tomasz Krawczyk, Michal Lasoh, Piotr Micek, William T. Trotter, and 
Bartosz Walczak. Triangle-free intersection graphs of line segments with large chromatic number, submitted, 
arXiv:1209.1595. 

[11] Daniel D. Sleator and Robert E. Tarjan. A data structure for dynamic trees. J. Comput. System Sci., 
26(3):362-391, 1983. 

[12] Andrew Suk. Coloring intersection graphs of z-monotone curves in the plane, submitted, arXiv:1201.0887. 
[13] Alexander A. Zykov. On some properties of linear complexes. Mat. Sbormk N.S., 24(66) (2): 163-188, 1949. 
in Russian. 



